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Abstract 

This paper gives an algebraic characterization of expansive actions 
of countable abelian groups on compact abelian groups. This naturally 
extends the classification of expansive algebraic Z rf -actions given by 
Schmidt using complex varieties. Also included is an application to 
a natural class of examples arising from unit subgroups of integral 
domains. 
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1 Introduction 

Throughout, G will be a countable abelian group, X a compact metrizable 
abelian group and a an action of G by automorphisms a g of X. The dynam- 
ical system (X, a) is expansive if and only if there is a neighbourhood N of 
in X such that 

P| a g (N) = {0}. (1) 

geG 

Expansiveness is a property which has been studied both in its own right and 
in relation to other dynamical behaviours. Recently, Bhattacharya [2] has 
investigated expansiveness of arbitrary semi-groups on connected metrizable 
groups and has given a complete algebraic description of expansive actions on 
finite-dimensional connected abelian groups. The non-abelian case is covered 
by [TT)| Theorem 2.4]. Also, using techniques applicable to Noetherian rings, 
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Schmidt has provided a classification of expansive Z d -actions on compact 
abelian groups in terms of complex varieties. The case for zero-dimensional 
groups has also been resolved [TT] . although some of the subtleties evident 
in [THj and [2j do not present themselves in this situation. Earlier studies of 
expansiveness for classical Z-actions may be found, for example in [Oj. 

The expansive behaviour of algebraic actions has been exploited in rela- 
tion to various other dynamical properties in settings such as [T7j, [T2] and 
jZj. Further investigations include the introduction of a notion of expansive 
subdynamics [Sj, developed in P and [Hj. 

For an arbitrary G-action on a compact abelian group X, it is possible 
to realize the Pontryagin dual group M = X as a countable module over the 
group ring Z[G], by defining 



where a G M, c g G Z and / = J2 g eG c g9 e %[G] has c g = for all but finitely 
many g. Conversely, any countable Z[G]-module M induces a natural action 
of G on X = M by setting a g to be the automorphism of X which is dual to 
multiplication by g on M. Roughly speaking, this duality turns topological 
properties into algebraic ones, an idea which plays a key role in the study 
of algebraic dynamical systems. Frequently, it will be necessary to consider 
quotients of the ring Z[G] and from now on the notation G, ~g will be adopted 
to denote the respective images of G and g G G under the natural quotient 
map. 

This paper gives an algebraic characterization of expansive actions of 
arbitrary countable abelian groups on compact abelian groups, as follows 

Theorem 13. 3L Let a be an action of a countable abelian group G by auto- 
morphisms of a compact abelian group X. Then (X, a) is expansive if and 
only if M = X is a finitely generated r L[G\-module and as a runs through the 
annihilators of a set of generators for M, there is no ring homomorphism 
(f) : Z[G]/o — > C for which <f)(G) is a subgroup of the unit circle. 

The main difficulties involved in extending the approach used by Schmidt 
for Z d -actions (in particular Lemma 6.8]) relate to the fact that Z[G] may 
not be a Noetherian ring. This also means that the methods of decomposition 
employed in jlfij . using associated prime ideals of Noetherian rings, are not 
applicable. 

In Section HI some algebraic consequences of the above theorem are inves- 
tigated via a natural class of examples arising from unit subgroups of integral 
domains. In this setting, it is possible to exploit certain valuative maps to 
classify expansive behaviour. 
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2 Preliminaries 



With M = X realized as a module over Z[G], via duality, any submodule 
N <Z M induces a quotient action of G on a group of the form X/Y, where Y 
is a closed a-invariant subgroup of X. Similarly, a module of the form M/N 
induces a G-action on a closed a-invariant subgroup Y of X by restriction. 

The action of G on X can always be lifted to an action of A = @ N Z, 
the group of eventually zero sequences of integers. By fixing a sequence of 
generators (g n ) G G N , we induce a group homomorphism 9 : A — > G defined 
by 8(m) = g m where m = (m 1? m 2 , . . . ) and g m = g^g™ 2 .... Consequently, 
for each m G A, setting 

«m = «0(m) ( 2 ) 

induces an action of A on X. It follows that for any Y C X the intersections 
DzeA^OO an d f\eG a 9(^) a S ree - Thus, expansiveness of the G-action on 
X can be studied in terms of the A-action described above. From now on 
the group ring Z[A] will be denoted by Rao- Dually, the viewpoint just 
described presents X as an i^-module and there is a ring homomorphism 
: -Rqo — > 7h\G\ induced by sending m G A to 9(m). Furthermore, when o 
is an ideal of Z[G], a Z[G] -module of the form Z[G]/a can be considered as 
an i^oo-module via the ring homomorphism tt o 0, where 7r : Z[G] — > Z[G]/o 
denotes the natural map. In this case 

X ^/b (3) 

where b is the kernel of the map 7r o 0. Multiplication by m G A in this ring 
is dual to the automorphism a m given by 0- In the sequel, quotient rings 
of the form just described will be particularly important. 

The isomorphism (jSJ) provides a canonical description of X = Roo/b and 
the action of A defined by (J2J). By duality, we may identify X with the 
subgroup of T A consisting of elements x = (x{) satisfying (x, f) = 1 for all 
/ G b. Let 

/ = Z>W (4) 

leA 

where q(/) = for all but finitely many ! 6 A. Then 

(x, f) = exp 2tt^ ci(f)x t . 

leA 

Hence, X consists of elements x = (x{) G T A satisfying 

22ci(f)xi +m = modi (5) 

leA 
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for all / G b and mGA. Using this description of X, a m can be interpreted 
as the restriction of the shift map (xi) i— > (£z+ m ) to X. This defines the 
natural action of A on X. 



3 Algebraic Criteria 

Let B = £°°(A) denote the Banach space of all bounded complex- valued 
functions z = (zi) on A with the supremum norm. For each mGA, the shift 
map a m : B —* B given by 

0- m (fa)) = (Zi+m) (6) 

is an isometry of B. Any / G i?oo defines a linear operator on B as follows 

mGA 

where c m (f) is given by (jlj). 

Lemma 3.1. Lei X = Roo/a and suppose that a is the natural action of A 
on X . If (X, a) is non-expansive then for any finite subset F of a, there is a 
non-trivial z G £°°(A) such that for all f G F, Tf(z) = 0, where Tf is given 

by 0- 

Proof. First identify X with the shift-invariant subgroup of T A given by (jSJ 
and a with the restriction of the shift. Let K = max {XlzeA l c i(/)l : / ^ F} 
and e = (10K)' 1 . Set N = {x = (xi) G X : \\x \\ < e} where || • || is given 
by ||£|| = min{|a — 1\ : a G Z}. Since (X,a) is non-expansive, n m eA Q; m(^) 
contains a non-zero a; G X. Moreover, the identification of a m with the 
shift means \\xi\\ < e for all I G A. Choose z = (zi) G £°°(A) such that 
Zi — Xi, I G A. Since x satisfies it follows that for all m G A and / G F, 
^2i£A c i(f) z i+m ^ Z. Hence, by the choice of £ 



^2ci(f)z l+m 
leA 



< 1 



which means ^ igA ci(f)zi +m = for all m G A and / G F. Equivalently, 
T f (z) = for all f e F. □ 

Lemma 3.2. Let X = -Roo/a and suppose that a is the natural action of 
A on X. If (X, a) is non-expansive then there is a ring homomorphism 
4> : Roo/cl — > C for which 0(A) is a subgroup of the unit circle. 
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Proof. Choose an enumeration a = / 2 , . . . }. Let B = £°°(A) and for each 
k G N, set F k = {/i,...,/ fc } and 

-Bfc = {z E B : T f {z) = for every / G F k } . 

Then 

BiD5 2 D5 3 D... 

is a chain of closed linear subspaces of B. Furthermore, each B k is non-trivial 
by Lemma ETT1 Let A denote the Banach algebra of bounded linear operators 
on B and B the sub-algebra generated by {a m : m G A} where cr m G *4 is 
given by (jfi]). Similarly, for each fc G N, let denote the algebra of bounded 
linear operators on generated by {cr m |s fc : m G A}. Restricting the shift 
maps in this way induces ring epimorphisms B — > B k with corresponding 

kernels b% C b 2 C b 3 C Note that 7/ G b fe for all / G F k . Let b C B be 

the ideal generated by {Tf : / G a}. If 1 G b then for some k, 1 G b& which 
implies = {0} and this contradicts the definition of B k . Therefore, b is a 
proper ideal of B. Hence there is a maximal ideal m C B containing b. 

Let Ji4(B) denote the maximal ideal space of B, C(A4(B), C) the space of 
continuous complex- valued functions on A4(B) and": B — > C(A4(B),C) the 
Gelfand transform. The choice of m means that 

f f(m) = ^ Cm (/)a m (m) = (8) 

meA 

for all / G a. For each n G N, let A n = cr e ( n )(m) where e(n) is the n-th unit 
vector in A and set w = (A n ) G C N . For every / G a, it follows that 

^2 C m{f) wm = C rn{f)°m{m) 

where w m = A™ 1 A™ 2 ..., m = (mi,m2, ■ ■ ■)■ Moreover, (jHJ) implies that 
w induces a well defined evaluation homomorphism <p w : Rod /a C given 
by substituting w z for / in the expression (jlj). Finally, since each a m is an 
isometry of B, \\c m \\ = 1 and the Gelfand transform ensures that \w m \ = 1 
for all m G A. It follows that ^(A) is a subgroup of the unit circle. □ 

Theorem 3.3. Let a be an action of a countable abelian group G by auto- 
morphisms of a compact abelian group X. Then (X, a) is expansive if and 
only if M = X is a finitely generated Z[G]-module and as a runs through the 
annihilators of a set of generators for M, there is no ring homomorphism 
(f) : Z[G]/o — > C for which <f)(G) is a subgroup of the unit circle. 
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Proof. If M is not finitely generated then Proposition 4.3] shows that 
(X, a) cannot be expansive. Hence assume that M is finitely generated and 
there is a generator a of M whose annihilator a C Z[G] is such that there 
exists a ring homomorphism : Z[G]/a — > C with 0(G) a subgroup of the 
unit circle. Note that is necessarily induced by a ring homomorphism 
$ : Z[G] — » C with $(G) = 0(G). Furthermore, C can be considered as a 
Z[G]-module via $ which can be used to construct a module homomorphism 
9 : M -> C as follows. 

Suppose AMs a submodule of M and there is a module homomorphism 
6n '■ N C A submodule of this form exists since we can set A" = Z[G]a 
and 9 N (fa) = $(/), / G Z[G]. Let p = ker$ and observe that 9 N is well 
defined, since by the definition of $, a must be contained in p. Let b G M\N 
be a generator of M and set L = N+Z[G]b. To see that there is also a module 
homomorphism 9l '■ L — > C, consider the following two cases. If / G Z[G] 
and /6 G A r implies / G p then define #l : L — >■ C by 

L (c + fb)=*{f) 

where c G AT, / G Z[G]. Alternatively, if there exists h G Z[G] \ p with 
hb G AT, set A = 9 N (hb)/$(h) and define ^ L : L -> C by 

0l(c+/6)=Mc)+*(/)A 

where c G A" and / G Z[G]. In both cases it is routine to check that 9l is 
well defined. It now follows by induction on the generators of M that there 
must be a module homomorphism 9 = 9m from M to C. 

The closure of 9{M) in C, W say, is a submodule of C and $ induces 
an action of G on W via multiplication by &(g), g G G. Denote the corre- 
sponding dual action on W by /3. Since 3>(G) is a subgroup of the unit circle, 
(W, P) is non-expansive. Also 0(M) is dense in W and this means that there 
is an induced equicontinuous injection 9 : W — > X. Moreover, since # is a 
module homomorphism, by duality there is a conjugacy a^o^ = 9o/3 g , g G G. 
This means the restriction of a to 9(W) is non-expansive. Thus (X, a) must 
be non-expansive. 

Conversely, assume that M is finitely generated by k elements with cor- 
responding annihilators di, For 1 < j < k, set Mj = Z[G]/Oj and 
suppose for each j, there is no ring homomorphism : Mj — > C for which 
0(G) is a subgroup of the unit circle. Employing the realization of cyclic 
modules provided by (JHJ), Lemma E21 shows that the induced action of G on 
each Mj is expansive. Thus the product action on Y = Mi x • • • x is 
expansive. The corresponding dual Z[G]-module is A" = Mi © ■ ■ ■ © M^ and 
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there is a surjective module homomorphism of N onto M. Consequently, by 
duality X may be regarded as a closed subgroup of Y and a may be identi- 
fied with the corresponding restriction of the product action. Thus (X, a) is 
expansive. □ 

The following example is a simple (but non-trivial) illustration of a non- 
expansive A-action arising from a cyclic module over the group ring R^. 

Example 3.4. For each n G N, let e(n) be the n-th unit vector in A. Consider 
the proper ideal a C Roq generated by elements of the form 

/„ = e(n+ 1) - (n + l)e(l)+n 

where n G N. Let M = R00/&. The corresponding natural action a of A 
on X = M cannot be expansive. To see this, define a ring homomorphism 
$ : .Roo -> C by setting e(n) i-> 1, n G N. Note that $(A) = {1}. Since 
®(fn) — for every n£N, there is an induced ring homomorphism cf) : M — > 
C with 0(A) = {1}. Hence by Theorem the dynamical system (X, a) is 
non-expansive. For a more direct perspective, consider X as a subgroup of 
T A consisting of elements (x{) satisfying (jSJ) for every f = f n and m G A. 
Given any t G T, setting xi = t for all / G A determines an element (a^) G T A 
satisfying ((HJ). Such shift invariant points in X readily demonstrate the non- 
expansiveness of this dynamical system. 

A straightforward consequence of the algebraic characterization of ex- 
pansiveness for Z d -actions is that a factor of an expansive Z d -action is again 
expansive PHI Corollary 6.15]. The following example shows that this need 
not be the case in the more general setting considered here. The author 
would like to thank the referee for pointing out that such an example might 
exist. 

Example 3.5. Let e(n), n G N be as in Example EP1 Set a = (e(l) - 2) C 
Roq. Then any ring homomorphism from the cyclic -Roo-module M = Roo/a 
to C cannot send A to a subgroup of the unit circle. Hence the natural A- 
action a on X = M is expansive. With M considered as a ring, any ideal 
b C M is a submodule of M. For example, take the proper ideal b generated 
by elements of the form e(n) + e(n + 1), where n > 2 is even. Now b is not 
finitely generated as an .Roo-module and so the natural A-action (3 on Y = b 
is not expansive. Moreover, by duality the non-expansive system (Y, 0) is a 
factor of the expansive system (X,a). 

Remarks 3.6. For the generators f n of a in Example lH.4^ J2ieA \ c i(fn) \ can be 
arbitrarily large. It is ideals of this nature, that arise in the non-Noetherian 
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ring Roo, which make the adaptation of the proof of ^21 Lemma 6.8] more 
difficult in our setting. 

A ring homomorphism from a Z[C] -module of the form Mq = Z[G]/a to 
C is determined by its image of G in C. The collection of all such homo- 
morphisms may be identified with the C-valued points of the affine scheme 
Spec M G (see for example (TU1 Section 1.4]). If G = Z d and a does not con- 
tain a non-zero constant, then the the set of C-valued points is a complex 
variety. The classification of expansive Z d -actions due to Schmidt pH] uses 
this fact. 

It is well known that an expansive algebraic Z d -action a on a compact 
abelian group X must satisfy the descending chain condition on closed en- 
invariant subgroups of X. That is every chain 

X D X 1 D X 2 D . . . 

of closed a-invariant subgroups, eventually becomes stationary. For acting 
groups like A, this is not necessarily the case, even if M = X is a cyclic 
i?oo-module. As a simple example, consider a sequence of distinct rational 
primes {p n } and a corresponding sequence of ideals {a n } in Roo, where a n is 
generated by e(l) — p x , . . . , e(n) — p n , with e(n) as in Example 13.41 Setting 
M n = -Roo/dn, we obtain a sequence of -Roo-modules and natural projections 

Mi -» M 2 -» . . . 

Dually, this gives a sequence of shift-invariant subgroups of T A 

X x <- X 2 <- . . . (9) 

where X n = M n and each arrow represents the natural inclusion of X n+ \ in 
X n . The construction of the a n means that these inclusions are proper and 
the chain Q does not become stationary. Moreover, using Theorem 13.31 it 
is routine to check that the A-shift on X\ is expansive. 

4 Valuations and Expansiveness 

In this section, the results of Section El are applied to a natural class of 
dynamical systems that allow a characterization of expansiveness using val- 
uations. Suppose that M is an integral domain and G is a subgroup of the 
unit group of M. Then M is naturally a Z[G]-algebra and the map dual 
to multiplication by g G G on M is an automorphism of X = M. This in- 
duces a G-action a by automorphisms of X. Furthermore, the corresponding 
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representation of X as a Z[G]-module agrees with the natural Z[G]-algebra 
structure of M. From now on, attention is restricted to finitely generated 
Z[G]-algebras M. If M is not finitely generated as an algebra over Z[G], then 
it cannot be finitely generated as a module and Theorem \3 . HI implies that the 
corresponding G-action is non-expansive. Understanding both the structure 
of the group G and the structure of M as a Z[G]-algebra is at the heart of 
determining whether or not the dynamical system (X, a) is expansive. 

In what follows, two types of valuative function will be important. Firstly, 
for any domain R and homomorphism of R into the complex numbers, there 
is a corresponding logarithmic map : R — > M U {00} given by 

ity(a) = log |0(a)| 

where a G R. Secondly, we will consider genuine valuations v : R — > HU{oo}, 
where H is an ordered group and v corresponds to a valuation ring in the field 
of fractions of R. The relationship between logarithmic maps and valuations 
is discussed in jl]. 

We now return to our domain M and subgroup G of the unit group. 
Since M is a domain, when it is considered as a Z[G]-module, there is a 
unique annihilator p C Z[G] corresponding to every element of M. This is 
simply the kernel of the natural homomorphism from Z[G] to M and Z[G]/p 
is isomorphic to the smallest subring of M containing G, which from now 
on will be denoted by Mq- Denote the collection of all logarithmic maps 
v : Mq — > K U {00} arising from homomorphisms of Mq into C by V^(Mg)- 
Now consider the collection of all valuation rings of the field of fractions k 
of M. Denote the Zariskii Space (or Zariskii Manifold) of valuation rings 
of k which contain a subring R C k by Zar(&, R). The space Zar(&, R) is 
a multifaceted object upon which a natural topology may be defined [TSl 
Chapter 10]. Set R = Z or R = ¥ p according to the characteristic of k 
and let Z = Zar(/c, R) \ Zar(/c, M). Denote the corresponding collection of 
valuations by Vz(M). 

Proposition 4.1. Let M be an integral domain and G a subgroup of its unit 
group such that M is a finitely generated Z[G]-algebra. Then the induced 
action of G on X = M is expansive if and only if v\g is non-trivial for all 
^eVoc(M G )uV 2 (M). 

Proof. Theorem IH.HI together with the above discussion shows that the in- 
duced action of G on M is expansive if and only if M is finitely generated as 
a Z[G] -module and there is no ring homomorphism : Mq C for which 
4>{G) is a subgroup of the unit circle. This latter condition is equivalent to 
v(G) {0} for all v 6 Voo{Mg)- Hence it remains to show that M be- 
ing finitely generated as a Z[G]-module is equivalent to v(G) 7^ {0} for all 
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v G Vz(M). Since M is finitely generated as an algebra, [T31 Theorem 9.1] 
shows that M is finitely generated as a Z[G]-module if and only if every 
element of M is integral over Mq- That is, the integral closures of M and 
Mq coincide in k, the field of fractions of M. By [T?^ Theorem 10.4] this is 
equivalent to Z R Zar(A;, Mq) = 0- This happens precisely when v (G) ^ {0} 
for all v G Vz(M). □ 

Example 4.2. Let M be a countable field, X = M and G a non-trivial 
subgroup of M x . Let a denote the induced action of G on X and consider 
Vz{M). This contains all non-trivial valuations on the field M. We need 
only find a single valuation v such that v \q is trivial for the dynamical system 
(X, a) to be non-expansive. For example, if G is a subgroup of the unit group 
of a valuation ring in M with corresponding valuation v, then v(G) = {0}. 

Example 4.3. Let M and X be as in Example 14.21 If M has positive 
characteristic then V 00 (Mc) = 0. If M has zero characteristic and G contains 
an integer 1, then any t> G Voo{Mg) has t> (n) = log |n|. Hence in either 
situation, expansiveness of (X, a) depends only on Vz{M). If G = M x then 
Mg = M and so (X, a) is expansive. In addition, Example 14.21 gives a rich 
supply of sub-actions which are non-expansive. That is subgroups G C M x 
for which the natural action of G on X is non-expansive. On the other hand, 
if a subfield L is chosen such that L C M is a finite extension and G = L x , 
then (X, a) is expansive. To see this in terms of V,2(M), note that any 
valuation v which is trivial on G must also be trivial on L and hence M. 
However, Vz{M) is assumed not to contain the trivial valuation. 

Example 4.4. Consider the function field k = Q(i) and a subgroup H C k x 
generated by (at least 2) distinct irreducible polynomials of degree 1 in Z[i]. 
For simplicity, assume t G H. Let M be the smallest subring of k containing 
H and suppose G is a subgroup of if. If G ^ H then the induced action of 
G on X = M cannot be expansive. To see this, simply take an irreducible 
/ G H \ G and localise Z[i] at the prime ideal generated by /. This gives a 
discrete valuation ring in k whose maximal ideal contains /. Furthermore, 
there is a corresponding valuation v G Vz{M) with v\g trivial. 

Now suppose G = H . Then Mq = M and it is only necessary to consider 
Voo(Mg) to check expansiveness. Suppose there is a logarithmic map v such 
that v(G) = {0}. Then v(t) = and v(at+b) = for integers a ^ b. Treating 
these equalities simultaneously, it follows that this can happen if and only if 

a 4 - 2(b 2 + l)a 2 + (b 2 - l) 2 < 

Since a and b are integers, the only possibilities are a = ±(6 + 1), a = 
±(6 — 1) or a = ±b. In general, if the set of generators for G is confined 
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to irreducibles arising from finitely many distinct a, G can of course still be 
infinitely generated. However, in this case, if G acts non-expansively, the 
restricted choices of h mean that in fact G must be be finitely generated. If 
infinitely many distinct a are permitted, then appropriate choices of b allow 
us to construct both expansive and non-expansive G-actions, even when M 
is not finitely generated as a ring over Z. 

Remarks 4.5. In general Vz{M) can be complicated Section 1.7], ex- 
cept in special circumstances, say where M is a ring of algebraic integers. 
Therefore, alternative approaches can be equally useful for determining the 
expansiveness or otherwise of the dynamical systems described here. For 
example, a direct application of the integrality criterion contained in the 
proof of Proposition 14.11 can be useful, depending on how the domain M is 
presented. 

For G finitely generated, the sets Voo(M G ) and Vz(M) were investigated 
by the author in to study the expansive subdynamics of algebraic Z d - 
actions, developed in p. In this case, Voo(Mg) produces the logarithmic 
image of a complex variety (or amoeba) A C M. d . To complete the picture, 
Vz(M) can be replaced by a collection of discrete valuations yielding a 'non- 
archimedean' companion to A [T4"l Theorem 4.3.10]. There are of course 
other situations where Vz{M) may profitably be replaced by a collection 
of discrete valuations. In general, it makes sense to ask when Vz{M) can 
be restricted in some way, without affecting the statement of Proposition 
14.11 In a slightly different direction, Einsiedler, Kapranov and Lind [5 j have 
explained important links between non-archimedean amoebas and the set 
Vz(M). Their approach elucidates the role played by valuations in the study 
of expansive subdynamics of algebraic Z d -actions. 

Finally, it should be noted that a consistent notion of expansive subdy- 
namics for acting groups like A is yet to be established. 
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